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1. Background 
The traveling wave ultrasonic motor (TWUSM) is 

based on the piezoelectric ultrasonic vibration and 
frictional contact. While it has significant advantages 
such as high torque density or fast response, its 
insufficient efficiency and relatively short lifetime 
restrict the application area of TWUSM2). Therefore, 
it is essential to understand its frictional contact to 
overcome these problems. 

The TWUSM model has been studied analytically2) 
or numerically3) previously. For example, Storck et 
al. analyzed TWUSM driving characteristics using 
the analytical model considering the tangential 
stiffness of the rotor. This research showed the 
tangential stiffness considerably affects the contact 
state and efficiency. However, this study only 
analyzed the commercially available motor, and it is 
unknown how the design modification affects the 
frictional contact. 
In this study, we simulated the contact force 

distribution using an analytical model, then 
evaluated the effect of the rotor stiffness parameters 
on the frictional contact, such as a change of output 
torque and driving efficiency. 

 
2. Contact model 
In this section, we describe the contact model used 

for the analysis of this research. This model consists 
of two parts: calculations for the preload distribution 
and the frictional force distribution. 

 
2.1 Preload distribution 
 The preload applied on the rotor 𝐹𝐹𝑛𝑛 is distributed 
on the contact surface as 𝑓𝑓𝑛𝑛(𝑥𝑥, 𝑡𝑡) . Therefore, we 
obtain 

𝐹𝐹𝑛𝑛 = � 𝑓𝑓𝑛𝑛(𝑥𝑥, 𝑡𝑡)𝑑𝑑𝑑𝑑
2𝜋𝜋𝜋𝜋

0
 (1) 

where 𝑟𝑟  is the effective radius of the contact 
surface,  𝑥𝑥  is the position in the circumferential 
direction, 𝑡𝑡 is time. In this model, we assume that 
the preload distribution 𝑓𝑓𝑛𝑛(𝑥𝑥, 𝑡𝑡)  is proportional to 

the normal displacement of the rotor 𝑢𝑢𝑛𝑛(𝑥𝑥, 𝑡𝑡), 
𝑓𝑓𝑛𝑛(𝑥𝑥, 𝑡𝑡) = 𝑐𝑐𝑛𝑛𝑢𝑢𝑛𝑛(𝑥𝑥, 𝑡𝑡) (2) 

where 𝑐𝑐𝑛𝑛 is the normal stiffness. 
The rotor contacts the stator and deforms, as shown 
in Fig. 1a. Hence we obtain 

𝑢𝑢𝑛𝑛(𝑥𝑥, 𝑡𝑡) = �𝑤𝑤𝑛𝑛
(𝑥𝑥, 𝑡𝑡) − ℎ 𝑤𝑤𝑛𝑛(𝑥𝑥, 𝑡𝑡) ≥ ℎ

0 𝑤𝑤𝑛𝑛(𝑥𝑥, 𝑡𝑡) < ℎ (3) 

where 𝑤𝑤𝑛𝑛(𝑥𝑥, 𝑡𝑡) = 𝑤𝑤𝑛𝑛0 cos(𝑘𝑘𝑘𝑘 + 𝜔𝜔𝜔𝜔) is the normal 
position of the stator, ℎ is the normal position of the 
rotor before elastic deformation. 
 
2.2 Frictional force distribution 
 As same as preload distribution, we assumed the 
frictional force distribution 𝑓𝑓𝑡𝑡(𝑥𝑥, 𝑡𝑡)  to be 
proportional to the tangential deformation 𝑢𝑢𝑡𝑡(𝑥𝑥, 𝑡𝑡). 

𝑓𝑓𝑡𝑡(𝑥𝑥, 𝑡𝑡) = 𝑐𝑐𝑡𝑡𝑢𝑢𝑡𝑡(𝑥𝑥, 𝑡𝑡) (4) 
where 𝑐𝑐𝑡𝑡 is the tangential stiffness. 

The tangential deformation 𝑢𝑢𝑡𝑡(𝑥𝑥, 𝑡𝑡)  depends on 
the contact state as stick or slip. 

First, the contact suface sticks when |𝑓𝑓𝑡𝑡(𝑥𝑥, 𝑡𝑡)| <
𝜇𝜇𝑓𝑓𝑛𝑛(𝑥𝑥, 𝑡𝑡)  while 𝜇𝜇  is the frictional coefficient. In 
this situation, The surfaces of the rotor and the stator 

 
Fig. 1 The contact model of TWUSM. a) Normal 

direction b) Tangential direction 



move together at the same speed 
𝜕𝜕𝑢𝑢𝑡𝑡
𝜕𝜕𝜕𝜕

(𝑥𝑥, 𝑡𝑡) + 𝑣𝑣𝑅𝑅 =
𝜕𝜕𝑤𝑤𝑡𝑡
𝜕𝜕𝜕𝜕

(𝑥𝑥, 𝑡𝑡) (5) 
where 𝑣𝑣𝑅𝑅 is the speed of the rotor, 𝑤𝑤𝑡𝑡(𝑥𝑥, 𝑡𝑡) is the 
tangential deformation of the stator. Based on the 
Bernoulli-Euler assumptions, 𝑤𝑤𝑡𝑡(𝑥𝑥, 𝑡𝑡)  can be 
expressed as  

𝑤𝑤𝑡𝑡(𝑥𝑥, 𝑡𝑡) = −𝑎𝑎
𝜕𝜕𝑤𝑤𝑛𝑛
𝜕𝜕𝜕𝜕

(𝑥𝑥, 𝑡𝑡) (6) 
where 𝑎𝑎 is the distance between the stator surface 
and the neutral plane. 
Second, when the contact surface slips, we obtain  

𝑓𝑓𝑡𝑡(𝑥𝑥, 𝑡𝑡) = ±𝜇𝜇𝑓𝑓𝑛𝑛(𝑥𝑥, 𝑡𝑡) (7) 
while the plus/minus sign depends on the slipping 
direction. In this case, we can calculate 𝑢𝑢𝑡𝑡(𝑥𝑥, 𝑡𝑡) 
from Eq. 4. 
The output torque 𝑇𝑇 , the output power 𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜 , the 
frictional loss 𝑃𝑃𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙, the efficiency 𝜂𝜂 are calculated 
below. 

𝑇𝑇 = 𝑟𝑟 � 𝑓𝑓𝑡𝑡(𝑥𝑥, 𝑡𝑡)𝑑𝑑𝑑𝑑
2𝜋𝜋𝜋𝜋

0
(7) 

𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜 = 𝑇𝑇 𝑣𝑣𝑅𝑅 𝑟𝑟⁄ = 𝑣𝑣𝑅𝑅 � 𝑓𝑓𝑡𝑡(𝑥𝑥, 𝑡𝑡)𝑑𝑑𝑑𝑑
2𝜋𝜋𝜋𝜋

0
(8) 

𝑃𝑃𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 = � �
𝜕𝜕𝑤𝑤𝑡𝑡

𝜕𝜕𝜕𝜕
(𝑥𝑥, 𝑡𝑡) − 𝑣𝑣𝑅𝑅� 𝑓𝑓𝑡𝑡(𝑥𝑥, 𝑡𝑡)𝑑𝑑𝑑𝑑

2𝜋𝜋𝜋𝜋

0
(9) 

𝜂𝜂 =
𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜

𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜 + 𝑃𝑃𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙
(10) 

 
3. Analysis of the rotor stiffness effect 
 We set the rotation speed as 60 rpm and adjusted 
the vibration amplitude to control the output torque 
to 0.01, 0.1, 0.3 or 0.6 Nm. Moreover, we changed 
the normal stiffness 𝑐𝑐𝑛𝑛  from 5 × 108 N m2⁄   to 
5 × 1010 N m2⁄  , and set the tangential stiffness 𝑐𝑐𝑡𝑡 
as 2.5 × 109 N m2⁄  . The efficiency and the output 
torque while changing 𝑐𝑐𝑡𝑡 are shown in Fig. 2. 

 
Figure. 2a shows that the efficiency curve has 

maximum value at different stiffness depending on 
the output torque. When the output torque is low 
(0.01 Nm), the efficiency is at the maximum with 
high stiffness and the stiffness at the maximum point 
decreases by increasifng the output torque. Moreover, 

when the stiffness is too far from the maximum point, 
the vibration amplitude for specified torque 
increased intensely as shown in Fig. 2b. 

 
We also simulated the efficiency curve as a function 

of tangential stiffness 𝑐𝑐𝑡𝑡 from 2.5 × 108 N m2⁄  to 
2.5 × 109 N m2⁄  with fixed normal stiffness 𝑐𝑐𝑛𝑛 at 
5 × 109 N m2⁄  as shown in Fig. 3. In contrast to the 
normal stiffness, the efficiency is high with low 
stiffness at low torque (0.01 Nm), and the stiffness at 
the maximum point increases with the larger output 
torque. 
Finally, we changed both normal and tangential 

stiffnesses shown in Fig. 4. At low output torque (0.1 
Nm), the efficiency is high with relatively low 
tangential stiffness comparing with high output 
torque case (0.5 Nm). This result shows there is an 
optimum stiffness ratio 𝑐𝑐𝑡𝑡 𝑐𝑐𝑛𝑛⁄   which depends on 
the output torque. 

 
4. Conclusion 
From the simulation result using the analytical 

contact model, we found the stiffness of the rotor 
affects the output performance of TWUSM. Notably, 
the stiffness parameters have the maximum point 
which depending on the output torque. With this 
method, it is possible to design the rotor to maximize 
frictional efficiency.  
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Fig. 2 The characteristics change due to the normal 

stiffness a) efficiency b) required vibration 
amplitude (Black points are the point maximizing 
efficiency.) 
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Fig. 3 The characteristics change due to the tangential 

stiffness a) efficiency b) required vibration 
amplitude (Black points are the point maximizing 
efficiency.) 
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Fig. 3 Color plot of the efficiency as a function of the 

normal and tangential stiffness with output torque 
a) 0.1 Nm b) 0.5 Nm 
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